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Abstract
Empirical risk minimization is the principal tool for prediction problems, but its
extension to relational data remains unsolved. We solve this problem using recent
advances in graph sampling theory. We (i) define an empirical risk for relational
data and (ii) obtain stochastic gradients for this risk that are automatically unbiased.
The key ingredient is to consider the method by which data is sampled from a
graph as an explicit component of model design. Theoretical results establish that
the choice of sampling scheme is critical. By integrating fast implementations of
graph sampling schemes with standard automatic differentiation tools, we are able
to solve the risk minimization in a plug-and-play fashion even on large datasets.
We demonstrate empirically that relational ERM models achieve state-of-the-art
results on semi-supervised node classification tasks. The experiments also confirm
the importance of the choice of sampling scheme.
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Introduction

Relational data is data that can be represented as a graph (e.g. the link graph of a social network, or
user/movie ratings), possibly annotated with additional information (e.g. user profiles). We consider
prediction problems for relational data. Many prediction methods used in machine learning are based
on empirical risk minimization (ERM) [17, 18, 15]. However, ERM inherently assumes that data are
i.i.d. This assumption is meaningless for relational data; hence, generalizing ERM to relational data
remains an unsolved problem.
To address this problem, we draw on recent work in statistics and applied probability that emphasizes
the role of sampling theory in modeling graph data [12, 19, 2, 3]. In Section 2, we explain how risk
and empirical risk can be defined for relational data. The definition is based on a specific choice
of a randomized algorithm that samples data from a graph. Different sampling algorithms yield
different notions of relational empirical risk, and we review several possible choices. For large
datasets, the classical ERM problem is usually solved with stochastic gradient descent (SGD), since
unbiased estimates of the empirical risk can be efficiently computed by uniformly subsampling the
data. In Section 2.2, we show that unbiased stochastic gradients of the relational empirical risk can
be efficiently computed by replacing uniform sampling with an appropriate surrogate. This results in
an efficient plug-and-play SGD algorithm for solving the minimization problem. In Section 3, we
detail two concrete examples, and we draw connections to the graph embeddings literature [e.g 13,
6, 16, 8]. We derive theoretical results in Section 4 that clarify the fundamental role of the choice
of sampling algorithm. In Section 5, we study relational ERM empirically. We observe that (i) the
choice of sampling scheme has a substantial effect in practice, (ii) novel models can be easily fit
using SGD with relational ERM, and (iii) combining these two observations leads to state-of-the-art
performance on semi-supervised vertex label prediction tasks. We provide fast implementations of a
variety of graph sampling algorithms and integration with TensorFlow.2
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Empirical risk and subsampling

Here is the classical setup of ERM: A single observation is represented by a random variable X.
Associated with X is a label Y , which may or may not be observed. We denote the “complete”
observation X = (X, Y ). A predictor is a function π that maps observations to labels. For an element
x of the sample space, it is typically written as π(x) = ŷ, where ŷ is a predicted label. Anticipating
relational data, we instead write x̂ = (x, ŷ) and π(x) = x̂, that is, the predictor “completes” unlabeled
information x to labeled information x̂. How well x̂ reconstructs x is measured by the value L(x̂, x̄)
of a loss function L with values in [0, ∞].
ERM typically assumes a sample Sn = (X 1 , . . . , X n ) of observations to be generated i.i.d. from
some probability distribution P . The risk of π is the expectation of the loss under this distribution,
R(π) := E X∼P [L(π(X), X)] .
(1)
P
The empirical distribution of the sample Sn is F(Sn ) := n1 i≤n δX i , where δx̄ is either the Dirac
function at x̄ (if the set in which x̄ takes its values is uncountable), or the indicator δx̄ ( • ) = 1{ • = x̄}
(on a discrete space). The empirical risk of π substitutes F for P ,
1X
R̂(π, Sn ) := EX∼F(Sn ) [L(π(X), X)|Sn ] =
L(π(Xi ), X i ) .
(2)
n
i≤n

Since the observed sample is random, R̂(π, Sn ) is random. To choose a predictor π, we posit a
hypothesis class {πθ |θ ∈ T } of predictors indexed by a parameter θ with values in a parameter space
T . Empirical risk minimization selects a predictor π̂ as
π̂ := πθ̂n

where

θ̂n := argmin R̂(πθ , Sn ) .
θ

ERM is statistically sound in that θ̂n converges to a value θ∗ determined by P . This property follows
from the fact that X1 , . . . , Xn are i.i.d. [4].
2.1

Empirical risk for relational data

Classical ERM underpins many machine learning algorithms, but it tacitly assumes data are i.i.d.
from some distribution. For relational data, the i.i.d. assumption is meaningless. We now consider
how to define a useful notion of empirical risk for relational data.
We model relational data as graphs. Instead of the sample Sn above, we observe a graph Gn of size n
(for example, the number of vertices or edges), possibly annotated, e.g., by vertex labels. This graph
is assumed to represent a small part of a large, underlying graph G (e.g., an entire social network). For
relational data, the predictor π is a function whose input is an incomplete version Gn of Gn , which it
augments with an estimate of the missing information, such as vertex labels or missing edges.
To generalize the empirical risk, we first re-examine its definition above: Suppose the observations
X i are generated by randomly selecting examples from some large, underlying set X . In statistics, X
is called a population. We generate a sample as follows:
Algorithm 1 (Sampling with replacement).
i.) Select n elements X i of X independently and uniformly with replacement.
ii.) Report Sn = (X 1 , . . . , X n ).
Then X 1 , . . . , X n are i.i.d., with distribution P determined by X . If X is small, one has to distinguish
carefully between sampling with and without replacement, but for large populations, the two become
indistinguishable. In the so-called infinite population limit |X | → ∞, every distribution P arises in
this manner. Modeling data as i.i.d. can thus be justified as sampling from a very large population
using Algorithm 1. The empirical risk (2) and risk (1) can thus be rewritten as
R̂(π, Sn ) = ES1 ∼Sn [L(π(S1 ), S1 )]

and

R(π) = ES1 ∼X [L(π(S1 ), S1 )] = ESn ∼X [R̂(π, Sn )] .

See e.g. [14] for a rigorous justification. Note that the empirical risk R̂ involves two sampling steps:
A data acquisition step Sn ∼ X that generates an observed sample of data by drawing from the
(unobserved) underlying population, and a draw from S1 ∼ Sn from the empirical measure.
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We use this perspective on classical ERM to define ERM for relational data. In this case, the
population X is replaced by the population graph G. Again, there are two distributions at play. In
the data acquisition step, we replace Algorithm 1 by a suitable algorithm A that samples a random
subgraph Ḡn ∼A G from an input graph G. An observed graph Ḡn is then modeled as such a sample
from a large, unknown population graph G. Specific choices for A are discussed in Section 2.3 below.
As in the i.i.d. case above, an infinite-population limit |G| → ∞ can be made rigorous [12, 2].
The second sampling step—which corresponds to sampling from the empirical distribution in the i.i.d.
case—uses sampling algorithm B, which may or may not be identical to A. We denote this second
sampling step as a subsampling routine
Sample(Gn , k) := Gk ∼B Gn .
The distinction in notation is made to emphasize that Gn ∼A G is a modeling assumption on how observed data has been acquired, whereas Sample is a definition, chosen by the analyst and implemented
in code. In analogy to the sampling representation of the risk above, we define
R̂k (π, Gn ) := EGk =Sample(Gn ,k) [L(π(Gk ), Gk ) | Gn ]

Rk (π) = EGn ∼G [R̂k (π, Gn )] .
(3)
We call Rk the relational risk, and R̂k the relational empirical risk. Relational empirical risk
minimization selects a predictor π̂ as
π̂ := πθ̂n

where

and

θ̂n := argmin R̂k (πθ , Gn ) .

(4)

θ

In summary, a relational ERM model is defined by three ingredients:
1. A class of predictors {πθ |θ ∈ T } with parameter θ.
2. A loss function L.
3. A sampling routine Sample.
Given observed data G, a model is fit by solving (4).
2.2

Stochastic gradient descent

For relational ERM to be useful in practice, the minimization problem (4) must be (approximately)
solvable in a reasonable amount of time. This is possible through stochastic gradient descent (SGD).
SGD requires unbiased estimates of the gradient of the objective function—in this case, the relational
empirical risk. We define a stochastic gradient as ∇θ L(Sample(Gn , k); θ), the gradient of the loss
computed on a sample of size k drawn with Sample. The key observation is
∇θ R̂r (θ; Gn ) = ∇θ E[L(Sample(Gn , k), θ) | Gn ] = E[∇θ L(Sample(Gn , k); θ) | Gn ].
That is, the random gradient ∇θ L(Sample(Gn , k); θ) is an unbiased estimator of the gradient of
the full relational empirical risk. If Sample is computationally efficient, then relational ERM can
be solved using SGD with this stochastic estimator. Combined with automatic differentiation, the
resulting algorithm is an effective and generically applicable solver for the minimization problem.
2.3

Subsampling algorithms

In classical ERM, sampling uniformly (with or without replacement) is typically the only choice. In
contrast, there are many ways to sample from a graph. Each such sampling algorithm Sample leads
to a different notion of risk and empirical risk in (3). This section describes some possibilities.
Perhaps the closest analogue of Algorithm 1 for graphs is uniform selection of vertices:
Algorithm 2 (Unifom vertex sampling).
i.) Select n vertices of g independently and uniformly without replacement.
ii.) Extract the induced subgraph Gn of g on these vertices.
iii.) Label the vertices of Gn by 1, . . . , k in order of appearance.
3

The input graph g may either represent a population G, or a previously extracted sample Gn . Algorithm 2 is simple, but often problematic, since it is not suitable for sparse graphs. There are various
definitions of sparsity, but they all have in common that the fraction ρ = e(Gn )/v(Gn )2 of edges
present in the graph approaches zero as the graph grows. The expected number of edges reported by
Algorithm 2 is k 2 ρ, which vanishes for large graphs. Algorithms for sparse data must mitigate this
problem. The next algorithm retains only non-empty portions of the graph:
Algorithm 3 (p-sampling [19]).
i.) Select each vertex in g independently, with a fixed probability p ∈ [0, 1].
ii.) Extract the induced subgraph Gn of g on the selected vertices.
iii.) Delete all isolated vertices from Gn , and report the resulting graph.
The main difference to Algorithm 2 is the deletion step (iii).
Algorithm 4 (Uniform edge sampling).
i.) Select n edges in g uniformly and independently from the edge set.
ii.) Report the graph Gn consisting of these edges, and all vertices incident to these edges.
Recall that a simple random walk of length k on a graph g selects vertices v1 , . . . , vk by starting
at a given vertex v1 , and drawing each vertex vi+1 uniformly from the neighbors of vi . Typically,
a random walk sample is augmented with additional edges, either as part of the data collection
procedure, or to increase the efficiency of stochastic gradient descent. We consider two strategies.
The first fills in the entire induced subgraph:
Algorithm 5 (Random walk: Induced).
i.) Sample a random walk v1 , . . . , vk starting at a uniformly selected vertex of g.
ii.) Report Gn as the edge list of the vertex induced subgraph of the walk.
The second strategy augments the walk by hallucinating plausible additional edges.
Algorithm 6 (Random walk: Skipgram [13]).
i.) Sample a random walk v1 , . . . , vk starting at a uniformly selected vertex of g.
ii.) Report Gn = {(vi , vj ) : d(vi , vj ) < W }, where the window W is a sampler parameter,
and d(vi , vj ) is the number of steps between vi and vj .
This algorithm relates to the Skipgram model [11], and is commonly used in graph embeddings, e.g.
DeepWalk [13] and its successors.
Remark 2.1. These algorithms presuppose graph data, but all can be generalized to “bipartite”
relational data, where the rows and columns of an input matrix represent different entities (for
example, users and movies). In this case, Algorithm 2 would select nr rows and nc columns,
Algorithm 3 would use two parameters pr and pc , Algorithm 4 would still select n entries of the
matrix and report each along with a row and column identifier. Random walks can also be transcribed
to this setting, although there is not a unique way of doing so.
2.4

Negative sampling

For a pair of vertices in an input graph g, a sampling algorithm can report three types of edge
information: The edge may be observed as present, observed as absent (a non-edge), or may not be
observed Aside from Algorithm 2, the algorithms above do not treat edge and non-edge information
equally: Algorithms 4 to 6 cannot report non-edges, and the deletion step in Algorithm 3 biases it
towards edges over non-edges. However, the locations of non-edges can carry significant information.
Negative sampling schemes are “add-on” algorithms that are applied to the output of a graph sampling
algorithm and augment it by non-edge information. Let Gn denote a sample generated by one of the
algorithms above from an input graph g.
Algorithm A (Negative sampling: Induced subgraph).
i.) Report the subgraph induced by Gn , in the input graph g from which Gn was drawn.
4

Another method [10, 5] is based on the unigram distribution: Define a probability distribution on
the vertex set of g by Pn (v) := Prob{v ∈ H n }, the probability that v would occur in a separate,
independent sample H n generated from g by the same algorithm as Gn . For τ > 0, we define a
distribution Pnτ (v) := (Pn (v))τ /Z(τ ), where Z(τ ) is the appropriate normalization.
Algorithm B (Negative sampling: Unigram).
For each vertex v in Gn :
i.) Select k vertices v1 , . . . , vk ∼ Pnτ independently.
ii.) If (v, vj ) is a non-edge in g, add it to Gn .
Algorithm B is common in the embeddings literature, where the canonical choice is τ = 34 , see [10].

3

Example Models

We now consider two concrete examples of relational ERM, and also discuss relations to graph
embedding methods. For the examples, we specify a class of predictors πθ and a loss function L.
Each can then be used with different choices of Sample. In both examples, we observe a natural
split of the parameter into a pair θ = (γ, λ): global parameters γ shared across the entire graph, and
embedding parameters λ, where each vertex v has an associated embedding λv . Informally, global
parameters encode population properties—“people with different political affiliation are less likely to
be friends”—and the embeddings encode vertex-specific information—“Bob is a radical vegan.”
Semi-supervised node classification Consider a network Gn where each node i is labeled by some
binary features—for example, hyperlinked documents labeled by subjects, or interacting proteins
labeled by function. The task is to predict the features of a subset of these nodes given the graph
structure and the features of the remaining nodes.
The model has the following form: Each vertex i is assigned a k-dimensional embedding vector
λi ∈ Rk . Feature prediction is made by a parameterized function f ( • ; γ) : Rk → [0, 1]L that maps
the embedding of each node to the probability that the node has each of the possible features. Let σ
denote the sigmoid function; let lij ∈ {0, 1} denote whether vertex i has feature j; and let q ∈ [0, 1].
The loss on subgraphs Gk ⊂ Gn is:
L(Gk , l; λ, γ) = q

L
 X X


lij log f (λi ; γ)j + (1 − lij ) log(1 − f (λi ; γ)j )

i∈v(Gk ) j=1

 X
+ (1 − q) −

(5)
log σ(λTj λi ) −

i,j∈e(Gk )

X


log(1 − σ(λTj λi )) .

i,j∈ē(Gk )

Here, v, e, and ē denote the vertices, edges, and non-edges of the graph respectively. The loss on
edge terms is cross-entropy, a standard choice in embedding models [8]. Intuitively, the predictor
uses the embeddings to predict both the vertex labels and the subgraph structure.
The model is completed by choosing a sampling scheme Sample. Relational ERM then fits the
parameters as
(λ̂n , γ̂n ) = argmin E[L(Sample(Gn , k), l; λ, γ) | Gn ].
λ,γ

In Section 5 below, we revisit this model and report prediction performance for different choices of
Sample.
Wikipedia category embeddings We consider Wikipedia articles joined by hyperlinks. Each article is tagged as a member of one or more categories—for example, “Muscles_of_the_head_and_neck”,
“Japanese_rock_music_groups”, or “People_from_Worcester.” The task is to learn latent structure
encoding semantic relationships between the categories.
Let Gn denote the hyperlink graph and let C(i) denote the categories of article i. Each category
c ∈ C is assigned an embedding γc , and the embedding of each article (vertex) is taken to be the sum
5

Figure 1: Trained Wikipedia category embeddings. Left: Categories that are nearest neighbors of “Electromagnetism”, projected to maximally separate “Mathematics” and “Physics” on the horizontal axis. Right:
Neighbors of “People_of_the_hundred_years’_war”, projected to separate “France” and “England”.

P
of the embeddings of its categories, λi := c∈C(i) γc . The loss is
X
X
L(Gk , C; λ) = −
log σ(λTj λi ) −
log(1 − σ(λTj λi )) ,
i,j∈e(Gk )

(6)

i,j∈ē(Gk )

where e and ē denote, respectively, the presence and absence of hyperlinks between articles. Intuitively, the predictor uses the category embeddings to predict the hyperlink structure of subgraphs.
Relational ERM chooses the embeddings as
γ̂n = argmin E[L(Sample(Gn , k), C; λ(γ)) | Gn ] .
γ

We write λ(γ) to emphasize that the article embeddings are a function of the category embeddings.
Category embeddings obtained with this model are illustrated in Figure 1; see Section 5 for details on
the experiment.
Graph representation learning Methods for learning embeddings of vertices are widely studied;
see Hamilton, Ying, and Leskovec [8] for a recent review. The prototypical graph representation
learning algorithm is DeepWalk [13]. The basic approach is to draw a large collection of simple
random walks, view each of these walks as a “sentence” where each vertex is a “word”, and learn
vertex embeddings by a applying a standard word embedding method [11, 10]. This idea has been
extended a number of directions, including using more complicated random walks [6], incorporating
covariate information [7], developing GANs for graphs [1]. These approaches are state of the art for
many tasks.
Graph representation learning algorithms may be viewed as particular cases of relational ERM. For
example, informally, DeepWalk is equivalent to a relational ERM model that (i) predicts graph
structure using a predictor parameterized only by embedding vectors, (ii) uses a cross entropy loss
on graph structure, and (iii) samples by the random-walk skipgram sampler with unigram negative
sampling.3 The relational ERM perspective allows us to move beyond random walk based sampling.
It also permits modifications such as including covariate information or training embeddings and
labels simultaneously.

4

Theory

Relational ERM involves two sampling procedures: The algorithm A used in the data acquisition
step Gn ∼A G, which generates data from an underlying population G, and the algorithm Sample
used to defined ERM and to execute SGD. Since Sample is a component of model design, different
choices of Sample should lead to different results, even in the infinite-data limit. The results below
show that this is the case.
To phrase a theoretical result, we must choose specific algorithms. For data acquisition, we consider
a population graph G with |G| edges. We assume that G is “very large,” in the sense that |G| → ∞.
3

DeepWalk uses hierarchical softmax instead of negative sampling, so the correspondence is not literal.
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In other words, any effect that weakens as the graph grows is assumed to be negligible. We
passume
that an observed sample Gn of size n is generated by p-sampling from G, with p = n/ |G|, for
|G| → ∞. The distribution of Gn in the “infinite population” case |G| → ∞ is well-defined [2].
Under this modeling
assumption on A, we compare two choices of Sample(Gn , k): One is p-sampling
√
with p = k/ n. The other is sampling using a simple random walk (Algorithm 5), with walk length
k. We denote the empirical risk Algorithm 3 defines by R̂kps , and of Algorithm 5 by R̂krw .
The first result establishes that the relational empirical risk is a sensible objective function, and that
the trained model depends on Sample even in the infinite-data limit.
Theorem 4.1. Suppose that Gn is collected by p-sampling as described above. Further suppose
technical conditions given in the appendix. Then, for parameter setting θ̄ satisfying the technical
conditions, there are constants cps
, crw
∈ R+ such that
θ̄
θ̄
R̂kps (θ̄; Gn ) → cps
θ̄

R̂krw (θ̄; Gn ) → crw
θ̄

both a.s. and in L1 as n → ∞. Moreover, there are constants
min R̂kps (θ; Gn )
θ

→ cps
∗

rw
cps
∗ , c∗

∈ R+ such that

min R̂krw (θ; Gn ) → crw
∗ ,
θ

(7)

(8)

both a.s. and in L1 , as s → ∞.
More details regarding the constants in (7) are given in the appendix; the relevant property is that
cps
and crw
are generally distinct. Thus, (7) states that the limits of the p-sampling empirical risk
θ̄
θ̄
and random-walk empirical risk will not agree because the learning procedure depends on the choice
of Sample. The same observation holds, as (8) shows, for the minimal empirical risk determined by
learning.
The next result strengthens the convergence guarantee. It shows that the estimated global parameters
converge in an absolute sense as more data is collected.
Theorem 4.2. Suppose the conditions of Theorem 4.1, and also that the loss function verifies a certain strict convexity property in γ, given explicitly in the appendix. Let γ̃nps =
argminγ minλ R̂kps (γ, λ; Gn ), and similarly for γ̃nrw . Then γ̃nps → γ̃∗ps and γ̃nrw → γ̃∗rw almost
surely for some constants γ̃∗ps and γ̃∗rw .
Again, γ̃∗ps 6= γ̃∗rw in general, and the choice of Sample hence affects learned parameters even in the
infinite data limit. In general, γ̃nps need not coincide with the global parameter estimate γ̂nps learned by
simultaneously minimizing the global parameters and embeddings. However, because the parameter
values learned by simultaneous minimization need not be identifiable, it seems necessary to consider
the two stage procedure to establish a simple convergence result.

5

Experiments

We empirically study the example models in Section 3, defined by (5) and (6) respectively.4 The
models are determined by (5) and (6) up to the choice of Sample. The experiments (i) consider the
influence of the choice of sampling scheme; (ii) illustrate its applicability to new tasks; and (iii)
evaluate performance.
Node classification problems We begin with the semi-supervised node classification task
described in Section 3, using the model (5) with different
choices of Sample. We study the blog catalog and proteinBlogs Protein
protein interaction data reported in [6], summarized by
Vertices
10,312
3,890
the table on the right. Each vertex in the graph has one or
Edges 333,983 76,584
more labels, and 50% have their labels censored at training
Feature Dim.
39
50
time. The task is to predict these labels at test time.
Two-stage training. We first train the model (5) using no label information to learn the embeddings (that is, with q = 0). We then fit a logistic regression to predict vertex features from
4

Code at github.com/wooden-spoon/relational-ERM
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the trained embeddings. This two stage approach is a standard testing procedure in the graph
embedding literature, e.g. [13, 6]. We use the same scoring procedure as Node2Vec [6] and,
where applicable, the same hyperparameters. We preprocess the data to remove self-edges, and
restrict each network to the largest connected component. The table on the right shows the effect of
varying the sampling scheme used to train the embeddings. SGD succeeds in solving the relational
ERM problem for all sampling schemes. As expected, we observe that the choice of sampling
scheme affects the embeddings produced via the learning procedure, and thus also the outcome of the
experiment. We further observe that sampling non-edges by unigram negative sampling gives better
predictive performance relative to selecting non-edges from the vertex induced subgraph.
Simultaneous training. Next, we fit the
model of Section 3 with q = 0.001—
training the embeddings and global variables simultaneously. We choose label predictor π as logistic regression, and adapt
the loss to measure the loss only on vertices in the positive sample. We report average macro F1 scores, computed using the
node2vec scoring procedure:
ERM defined by

Unif.

p-samp+ns (Alg. 3+B)
rw/skipgram+ns (Alg. 6+B)
Node2Vec (reported)

0.30
0.20
0.26

Choice of Sample
p-samp+ind.
p-samp+ns
rw/skipgram+ns
rw/induced+ind
rw/induced+ns
unif. edge+ns
Blog catalog
p-samp
rw
0.34
0.26
-

0.35
0.27
-

Alg. #

Blogs

Protein

3+A
3+B
6+B
5+A
5+B
2+B

0.17
0.22
0.18
0.08
0.18
0.21

0.14
0.16
0.16
0.08
0.16
0.15

Unif.

Protein-Protein
p-samp
rw

0.30
0.25
0.18

0.37
0.32
-

0.39
0.34
-

Columns are labeled by the sampling scheme used to draw test vertices. We observe:
•
•
•

Learning embeddings and logistic regression simultaneously improves performance.
When training jointly, p-sampling outperforms the standard rw/skipgram procedure.
Labels of nodes selected by random walk or p-sampling are easier to predict than those
chosen uniformly at random.

Note that the average computed with uniform vertex sampling is the standard scoring procedure used
in the previous table.
Wikipedia Category Embeddings Finally, we illustrate an application of relational ERM to a nonstandard task. We consider the task of discovering semantic relations between Wikipedia categories,
as described in Section 3. We define a relational ERM model by choosing the cost function L in (6),
and Sample as 6+B, the skipgram random walk sampler with unigram negative sampling. The data
Gn is the Wikipedia hyperlink network from [9], consisting of Wikipedia articles from 2011-09-01
restricted to articles in categories containing at least 100 articles. The dataset is relatively large—
about 1.8M nodes and 28M edges. We choose embedding dimension k = 128. SGD converges in
about 90 minutes on a desktop computer equipped with a Nvidia Titan Xp GPU. Figure 1 on page 6
visualizes example trained embeddings.

6

Conclusion

Relational ERM is a generalization of ERM from i.i.d. data to relational data. The key ingredients are
modeling the sampling scheme by which the data is collected—the analogue for the i.i.d. assumption—
and explicitly specifying the sampling scheme used to subsample the data—the analogue of the
empirical distribution. Relational ERM models are defined by a loss function, a predictor class, and a
sampling scheme. The models can then be fit automatically using SGD. Accordingly, relational ERM
provides an easy method to specify and fit relational data models, as illustrated in Sections 3 and 5.
The results presented here suggest a number of directions for future inquiry. Foremost: what is the
relational analogue of statistical learning theory? The theory derived in the present paper establishes
initial results. A more complete treatment may provide statistical guidelines for model development.
Our results hinge critically on the assumption that the data is collected by p-sampling; it is natural to
8

ask whether other data-generating mechanisms can be accommodated. Similarly, it is natural to ask
for guidelines for the choice of Sample.
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A

Overview of Proofs

The appendix is devoted to proving the theoretical results of the paper. These results are obtained
subject to the assumption that the data is collected by p-sampling. This assumption is natural in the
sense that it provides a reasonable middle ground between a realistic data collection assumption—psampling can result in complex models capturing many important graph phenomena [3, 5, 1]—and
mathematical tractability—we are able to establish precise guarantees.
The appendix is organized as follows. We begin by recalling the connection between p-sampling and
graphex processes in Appendix B.1; this affords a useful explicit representation of the data generating
process. We recall the method of exchangeable pairs in Appendix B.2. Next, in Appendix B.3, we
collect the necessary notation and definitions. Empirical risk convergence results for p-sampling are
then proved in Appendix C and results for the random-walk in Appendix D. Finally, convergence
results for the global parameters are established in Appendix E.

B
B.1

Preliminaries
Graphex processes

Recall the setup for the theoretical results: we consider a very large population network Pt with t
edges, and we study the graph-valued stochastic process (Gtn )n∈[0,√t) given taking each Gn to be
√
an n/ t-sample from Pt and requiring these samples to cohere in the obvious way. We idealize the
population size as infinite by taking the limit n → ∞. The limiting stochastic process (Gn )n∈R+ is
well defined, and is called a graphex process [2].
Graphex processes have a convenient explicit representation in terms of (generalized) graphons [5, 1,
3].
Definition B.1. A graphon is an integrable function W : R2+ → [0, 1].
Remark B.2. This notion of graphon is somewhat more restricted than graphons (or graphexes)
considered in full generality, but it suffices for our purposes and avoids some technical details.
We now describe the generative model for a graphex process with graphon W . Let Π = {ηi } =
{(ν(ηi ), x(ηi ))}i∈N be a Poisson (point) process on R+ × R+ with intensity Λ ⊗ Λ, where Λ is
the Lebesgue measure. Each atom of the point process is a candidate vertex of the sampled graph;
the {νi } are interpreted as (real-valued) labels of the vertices, and the {xi } as latent features that
explain the graph structure. Each pair of points (ηi , ηj ) with i ≤ j is connected independently with
probability W (xi , xj ). This produces a graph with infinite sample size. To produce a finite sample of
size n, we restrict to the collection of edges Γn = {(ηi , ηj ) : ηi , ηj ≤ n}. That is, we report the
subgraph induced by restricting to vertices with label less than n, and removing all vertices that do
not connect to any edges in the subgraph. This last step is critical; in general there are an infinite
number of points of the Poisson process such that ηi < n, but only a finite number of them will
connect to any edge in the induced subgraph.
Modeling Gn as collected by p-sampling is equivalent to positing that Gn is the graph structure of
Γn generated by some graphon W .
B.2

Technical Background: Exchangeable Pairs

We will need to bound the deviation of the normalized degree of a vertice to its expectation. In this
goal we here introduce the machinary used to derive those bounds.
A pair of real random variables (X, X 0 ) is said to be exchangeable if
d

(X, X 0 ) = (X 0 , X).
Let f : R → R and F : R2 → R be measurable function such that:
a.s

E(F (X, X 0 )|X) = f (X), and F(X, X0 ) = −F(X0 , X).
Let
v(X) ,



1 
E f (X) − f (X 0 ) F (X, X 0 ) X ,
2
10

a.s

and suppose that |v(X)| ≤ C for a certain C ∈ R. Then
x2

∀x > 0, P (|f (X) − E(f (X))| ≥ x) ≤ 2e− 2C ,
and ∀p > 1 and x > 0 we have the following:
P (|f (X) − E(f (X))| > x) ≤

(2p − 1)p kv(X)|kpp
.
xp

To see this in more detail see [4].
B.3

Notation

For convenient reference, we collect and explain important notation.
•

Π = {ηi = (ν(ηi ), x(ηi ))} is the latent Poisson process that defines the graphex process in
Appendix B.1. The labels are ν and the latent variables are x.

•

Πn , Π ∩ [0, n] × R+ is the restriction of the Poisson process to atoms with labels in [0, n].

•

Γn ⊂ R2+ is the (random) edge set of the graphex process at size n.

•

V (Γn ) ⊂ R+ is the set of vertices of Γn .

•

Γ̄n = {(ηi , ηj ) : ηi , ηj ∈ V (Γn ) and (ηi , ηj ) ∈
/ Γn } is all pairs of points in Γn that are
not connected by an edge.

•

The number of edges in the graph is En = |Γn |

•

For all k, the set of paths of length k in Γn is
Pk (Γn ) , {(ηi )i≤k+1 ∈ V (Γn )k+1 : (ηi , ηi+1 ) ∈ Γn ∀i ≤ k}.

•

The degree of ν in Γn is dn (η).

•

For mathematical convenience, we attach the embedding vectors to the points of the latent
Poisson process. The collection of all possible embeddings is:
ΩΠ
θ , {(λη , γ)η∈Π : λη ∈ Ωθ ∀η ∈ Π and γ ∈ Ωγ }
Π
For all θ̄ ∈ ΩΠ
θ we will note λ(θ̄) its projection on Ωλ and respectively γ(θ̄) its projection
on Ωγ .

•

Asymptotically, the number of edges of a graphex process scales as n2 [1]. Let E ∈ R+ be
the proportionality constant
En
E , lim 2 .
n→∞ n

•

To build the graph from the point of process Πn we need to introduce a process of independent uniform variables: UΠ , (Uηi ,ηj )ηi ,ηj ∈Π be such that UΠ |Π is an independent process
s.t
∀η1 , η2 ∈ Π, Uη1 ,η2 ∼ unif(0, 1).

•

Let us introduce the following concepts and notations to build marking on the point process:
Let m(·, ·) be a distributional kernel on R+ × Ωθ , then we generate the marks according to
Π
Π
a distribution QΠ
θ on Ωθ , conditional on Π, such that if θ̄|Π ∼ Qθ then:
– (θ̄η )η∈Π is an independent process
– ∀η ∈ Π, θ̄η |Π ∼ m(x(η), ·).

•

For all n and η ∈ Π we can denote the neighbours of η in Γn
Nn (η) , {η 0 s.t (η, η 0 ) ∈ P1 (Γn )}

•

For all n we can denote Π̄n (θ) , (Πn , U|Πn , θ|n ) the augmented object that will cary
information not only about the graph structure but also about the markings θ.
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C

Results for p-sampling

We begin by establishing the result for p-sampling, with the negative examples chosen according
to the induced subgraph. This is the simplest case, and is useful for the introduction of ideas and
notation. We consider more general approaches to negative sampling to the next section, where it is
treated in tandem with random walk sampling. The same arguments can be used to extend p-sampling
to allow for, e.g., unigram negative sampling used in our experiments.
For all θ̄ ∈ ΩΠ
θ let Γn (θ̄) be the graph Γn where the vertices are annotated with their embeddings
from θ̄. We write the empirical risk as R̂k (Γn (θ̄)).
Π
Theorem C.1. Let θ̄ a random variable taking value in ΩΠ
θ s.t θ̄ |Π ∼ Qθ , for a certain kernel m,
then there is some constant cps
∈
R
such
that
if
kLk
<
∞
then
+
∞
m
R̂(Γn (θ̄)) → cps
m
both a.s. and in L1 , as n → ∞.
Moreover there is some constant cps
∗ ∈ R+ such that
min R̂(Γn (θ)) → cps
∗
θ

both a.s.and in L1 , as n → ∞.
Proof. We will first prove the first statement. Let θ̄|Π ∼ QΠ
θ , we will note Γ(θ̄) the edge set of Π̄(θ̄)
and denote note Γn (θ̄) the partially labeled graph obtained from Γ(θ̄) by forgetting all labels in [0, n)
(but keeping larger labels and the embeddings θ). Let Fn (θ̄) be the σ-field generated by Γn (θ̄). A
key observation is
R̂k (Γn (θ̄)) = E[L(Γk , Γ(θ̄)|k ) | Fn (θ̄)].
The reason is that choosing a graph by k/n-sampling is equivalent uniformly relabeling the vertices
in [0, n) and restricting to labels less than k; averaging over this random relabeling operation is
precisely the expectation on the righthand side.
By the reverse martingale convergence theorem we get that:
a.s,L1

R̂k (Γn (θ̄)) −−−−→ E[L(Γk , Γ(θ̄)|k ) | F∞ (θ̄)],
but as F∞ (θ̄) is a trivial sigma-algebra we get the desired result.
We will now prove the second statement. For this let us define two new notations: (i) Let Γn be the
partially labeled graph obtained from Γ by forgetting all labels in [0, n) and let Fn be the σ-field
generated by Γn . And (ii) we can also for all m ∈ N write the set of embeddings on the graph Γm :
m

ΩΓθ , {(λV,γ )V∈Γm : ∀V ∈ V (Γm ) λV ∈ Ωλ , γ ∈ Ωγ }.
We are now ready to state the proof. Let m ≤ n, and observe that:
E[ minn R̂k (Γn (θ)) | Fm ] ≤ minm E[L(Γk , Γ(θ)|k ) | Fm ]
θ∈ΩΓ
θ

θ∈ΩΓ
θ

= minm R̂k (Γm (θ)).
θ∈ΩΓ
θ

(9)
(10)

Thus, (minθ∈ΩΓn R̂k (Γn (θ)))n∈R+ is a supermartingale with respect to the filtration (Fn )n∈R+ .
θ
Moreover, by assumption, the loss is bounded and thus so also is the empirical risk. Supermartingale
convergence then establishes that minθ∈ΩΓn R̂k (Γn (θ)) converges almost surely and in L1 to some
θ
random variable that is measureable with respect to F∞ . The proof is completed by the fact that F∞
is trivial.

D

Random-walk sampling

In this section we establish the convergence of the relational empirical risk defined by the random
walk. The argument proceeds as follows: We first recast the subsampling algorithm as a random
12

probability measure, measurable with respect to the dataset graph Γn . Producing a graph according to
the sampling algorithm is the same as drawing a graph according to the random measure. Establishing
that the relational empirical risk converges then amounts to establishing that expectations with respect
to this random measure converge; this is the content of Lemma D.8. To establish this result, we show
in Lemma D.6 that sampling from the random-walk random measure is asymptotically equivalent to
a simpler sampling procedure that depends only on the properties of the graphex process and not on
the details of the dataset. We allow for very general negative sampling distributions in this result;
we show that how to specialize to the important case of (a power of) the unigram distribution in
Lemma D.7.
D.1

Random-walk Notation

We begin with a formal description of the subsampling procedure that defines the relational empirical
risk. We will work with random subset of the Poisson process Π; these translate to random subgraphs
of Γ in the obvious way. Namely, if the sampler selects ηi = (νi , xi ) in the Poisson process, then it
selects ηi in Γ.
Sampling follows a two stage procedure: we first choose a random walk, and then augment this
random walk with additional vertices—intuitively, this is the negative-sampling step. The following
introduces much of the notation we require for this section.
Definition D.1 (Random-walk sampler). Let µn be a (random) probability measure over V (Γn ). Let
H = (ηi )i≤M = (ν(ηi ), λ(ηi ))i≤M be a sequence of vertices sampled according to:
1. (random-walk) η1 ∼

dn (η1 )
2En

and let ηi |ηi−1 ∼ unif(Nn (ηi−1 )) for i ∈ (2, . . . , r + 1).

2. (augmentation) ηr+2:M be a sequence of additional vertices sampled from µn independently
from each other and also from (η1 , . . . , ηr+1 ).
Let GH be the vertex induced subgraph of Γn . Let Pn = P(ΓH ∈ · | Π̄n (θ̄)) be the random
probability over subgraphs induced by this sampling scheme. Finally, let GH (θ̄) denote the same
subgraph augmented with the embeddings.
With this notation in hand, We rewrite the loss function and the risk in a mathematically convenient
form
Definition D.2 (Loss and risk). The loss on a subsample is
L(GH , GH (θ̄)) ∈ [0, 1].
The empirical risk is
EPn [L(GH (λ), GH (θ̄))|Π̄n (θ̄)].
Remark D.3. Note that the subgraphs produced by the sampling algorithm explicitly include all edges
and non-edges of the graph. However, the loss may (and generally will) depend on only a subset
of the pairs. In this fashion, we allow for the practically necessary division between negative and
positive examples. Skipgram augmentation can be handled with the same strategy.
We impose a technical condition on the distribution that the additional vertices are drawn from.
Intuitively, the condition is that the distribution is not too sensitive to details of the dataset in the large
data limit.
Definition D.4 (Augmentation distribution). We say µn is an asymptotically exchangeable augmentation distribution if is there is a µ such that
•

•

There is a deterministic function f s.t µ(η) = f (θ(η))
P
P
n)
kµn (·) − µ(·)I(·∈Γ
kT V −
→ 0, where Zn , n1 η∈Πn µ(η).
n Zn

We will later prove that the unigram distributions respect that.
D.2

Technical lemmas

We begin with some technical inequalities controlling sums over the latent Poisson process.
To bound the remaining quantities we will first prove that the following is true:
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Lemma D.5. Let (Ux(η) )η∈Π is such that (Ux(η) )η∈Π |Π be distributed as a process of independent
uniforms in [0, 1] and let
X
∀y ∈ R+ , fn (y, Π) ,
I(Ux(η) ≤ W (y, x)).
η∈Πn

Then the following hold:


1. ∀y ∈ R+ such that W (y, ·) ≥ n−1+ 4 , there are p, K > 0 such that ∀β > 0,
P(

fn (y, Π)
K
− 1 ≥ β) ≤ 3 p .
nW (y, ·)
n β

2. ∀p > 0, ∃Kp such that ∀β > 0
P(

fn (y, Π))
Kp
− W (y, ·) ≥ β) ≤ p 2p
n
n β

and
P(

En
Kp
− 1 ≥ β) ≤ p 2p .
n2 E
n β




3. ∃K ∈ R+ such that ∀y ∈ R+ , such that W (y, ·) ≤ n−1+ 4 then P(fn (Π, y) ≥ n 2 ) ≤

K
n3 .

Proof. We will first write the proof of the first statement, which is harder. We then highlight the
differences in the other cases. We use the Stein exchangeable pair method, previously presented.
Let F : R2 → R such that
∀x, y F (x, y) = [x − y].
Let J¯ ∼ unif({0, n − 1}) and let
Π0 = T[J,
· Πν × Πx ,
¯ J+1],[n,n+1]
¯
¯ J¯ + 1] and [n, n + 1] and
where T[J,
is the permutation of [J,
¯ J+1],[n,n+1]
¯
T[J,
· Πν × Πx , {(T[J,
(ν), x), ∀(ν, x) ∈ Π.}
¯ J+1],[n,n+1]
¯
¯ J+1],[n,n+1]
¯
Then we can check the following:
•

As Π ∩ [0, n] \ [j̄, j̄ + 1] × R+ = Π0 ∩ [0, n] \ [j̄, j̄ + 1] × R+ we obtain that
E(

fn (y, Π) fn (y, Π0 )
−
Πn )
W (y, ·)
W (y, ·)

(a)

=

n−1
X
1
[
nW (y, ·) j=0

X

I(Ux(η) ≤ W (y, x)) − E(I(Ux(η) ≤ W (y, x)))]

Πj+1 \Πj

fn (y, Π)
=
−1
nW (y, ·)

(b)

where (a) is obtained by complete independence of Π and where to get (b) we use the fact
that as mentionned in [5] we know that
X
∀j,
I(Ux(η) ≤ W (y, x)) ∼ POI(W(y, ·))
(ν,x)∈Πj+1 \Πj
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•

Moreover, we can very similarly see that:
1
fn (y, Π) fn (y, Π0 ) 2
E([
−
] Πn )
2n
W (y, ·)
W (y, ·)
≤

n−1
X

1
n2 W (y, ·)2


[

j=0

X

p

I(Ux(η) ≤ W (y, x))]2 + 2W (y, ·)


p

(ν,x)∈Πj+1 \Πj

n−1
X
1
≤ 2
[
n W (y, ·)2 j=0

X

I(Ux(η) ≤ W (y, x))]2 kp + 2W (y, ·)

(ν,x)∈Πj+1 \Πj

C
,
≤
nW (y, ·)
where C is a constant that does not depend on n or y.
Therefore using the exchangeable pair method presented earlier and setting p ≥

W (y, ·) ≥ n 4 −1 we get that there is K,p s.t for all  > 0
P
K
(ν,x)∈Πn I(Ux(η) ≤ W (y, x))
− 1| ≥ β) ≤ 3 p ,
P (|
W (y, ·)
n β
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for all y s.t

QED.
n (y,Π)
For the second statement, instead of fW
(y,·) we are interested in simply fn (y, Π) which is easier to
deal. Indeed, using the same exchangeable pair (Π, Π0 ) we get that:

•

As Π ∩ [0, n] \ [j̄, j̄ + 1] × R+ = Π0 ∩ [0, n] \ [j̄, j̄ + 1] × R+ we obtain that
E(fn (y, Π) − fn (y, Π0 ) Πn )
1
= fn (y, Π) − W (y, ·).
n

•

Moreover we can very similarly see that:
1
E([fn (y, Π) − fn (y, Π0 )]2 Πn )
2n
p
n−1
X
X
1
[
I(Ux(η) ≤ W (y, x))]2 kp + 2W (y, ·)
≤ 2
n j=0
(ν,x)∈Πj+1 \Πj

≤

C
,
n

where C is a constant that does not depend on n or y. Therefore we get the desired result
QED.
A very similar roadmap can be followed for Nen .
The last statement is a simple consequence of this. Indeed, ∀y ∈ R




P (W (y) ≤ n−1+ 4 , fn (Π, y) ≥ n 2 ) ≤ P (|


fn (Π, y)
− W (y, ·)| ≥ n− 4 ) ≤
n

K

3
1+ 
4

n3

.

With this in hand, we establish the asymptotic equivalence of random-walk sampling and a sampling
scheme that does not depend on the details of the dataset. This is the key component of the proof.
Recall the notation introduced in Appendix D.1.
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Lemma D.6. Suppose that there is  ∈ (0, 1) such that the graphon W verifies
W (x, ·) = O(x−1− ).
Suppose further that the augmented sampling distributions (µn )n satisfy the conditions of Definition D.4. Then, writing
QM
l=r+2 µn (ηl )
Qr
Pn (H) , I(η1:r+1 ∈ Pr (Πn ))
n
2Ne i=2 dn (ηi )
and
P̃n (H) , I(η1:r+1

QM
l=r+2 µ(ηl )
,
∈ Pr (Πn )) M Q
r
2n E i=2 W (x(ηi ), ·)

it holds that


sup EPn L(GH , GH (θ̄)|Π̄n (θ̄) − EP̃n L(GH , GH (θ̄)|Π̄n (θ̄) = op (1).

θ̄∈ΩΠ
θ

Proof. We can first see by the triangle inequality that if we write the following two measures:
QM
l=r+2 µ(ηl )
∗
Qr
Pn (H) , I(η1:r+1 ∈ Pr (Πn ))
2Nen nM −(r+1) i=2 dn (ηi )
and
P̃n∗ (H)

Qr
, I(η1:r+1 ∈ Pr (Πn ))

i=2

 QM
I(W (x(ηi ), ·) ≥ n−1+ 4 ) l=r+2 µ(ηl )
Qr
2nM E i=2 W (x(ηi ), ·)

Then ∀β > 0:



P sup EPn L(GH , GH (θ̄)|Π̄n (θ̄) − EP̃n L(GH , GH (θ̄)|Π̄n (θ̄) > β)
θ̄∈ΩΠ
θ

≤P



+P



+P





β
sup EPn L(GH , GH (θ̄)|Π̄n (θ̄) − EPn∗ L(GH , GH (θ̄)|Π̄n (θ̄) > )
3
θ̄∈ΩΠ
θ



β
sup EPn∗ L(GH , GH (θ̄)|Π̄n (θ̄) − EP̃ ∗ L(GH , GH (θ̄)|Π̄n (θ̄) > )
n
3
Π
θ̄∈Ω
θ



β
sup EP̃ ∗ L(GH , GH (θ̄)|Π̄n (θ̄) − EP̃n L(GH , GH (θ̄)|Π̄n (θ̄) > ),
n
3
Π
θ̄∈Ω
θ

therefore proving that those last terms converge to zero for any β > 0 is sufficient.
First we will prove that


sup EPn L(GH , GH (θ̄)|Π̄n (θ̄) − EPn∗ L(GH , GH (θ̄)|Π̄n (θ̄) = op (1).

θ̄∈ΩΠ
θ

Indeed, noting that,
∗
Pn,i
(H)

QM
µ(ηl ) r+2+i µn (ηl )
Qr
,
2Nen ni i=2 dn (ηi )

Qr+1+i
, I(η1:r+1 ∈ Pr (Πn ))

l=r+2

it holds ∀β > 0 that
P




sup EPn L(GH , GH (θ̄)|Π̄n (θ̄) − EPn∗ L(GH , GH (θ̄)|Π̄n (θ̄) > β

θ̄∈ΩΠ
θ
M
(a) X

≤

i=1

P



β 
∗
∗
sup EPn,i
L(GH , GH (θ̄) − EPn,i−1
L(GH , GH (θ̄) >
M
Π
θ̄∈Ω
θ

≤ M P kµn −

µ
β 
kT V >
.
nZµ
kLk∞
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where (a) using telescopic sum. Therefore we have proven that the first element of the sum goes to 0.
Now we will prove that


sup EPn∗ L(GH , GH (θ̄) Π̄n (θ̄) − EP̃ ∗ L(GH , GH (θ̄)|Π̄n (θ̄) = op (1).
n

θ̄∈ΩΠ
θ

For this we will want to approximate
dn (Vui )
P (| nW
(ui ,·)

n
dn (Vui )

by

1
W (ui ,·) .

However for this we need a good bound on

− 1| ≥ ). But this is possible only if W (ui , ·) is not too small.

But note that for all vertices η ∈ Πn if a path H passes through η at the i-th coordinate, for i ≥ 2,
then it means that there is only dn (ν(η)) possibilities for the i − 1th vertex of the path. Therefore if
dn (ν(η)) is small the probability that our random-walk passes through v, and is not the origin vertex,
is asymptotically negligible.


Indeed for all η ∈ Πn such that dn (ν(η)) ≤ n 2 ∀k ≥ 2
(∗)

X

P (ηi = η|Π̄n (θ̄)) ≤

P (ηi−1 = η 0 , ηi = η|Π̄n (θ̄)) ≤

η 0 ∈Πn ∩Nn (η)



n2
,
2Nne

where to get (*) we used the stationary property of the RW.
Therefore we have:




P (min dn (ηk ) ≤ n− 2 |Π̄n (θ̄)) ≤
k≥2



rn 2 {η ∈ Πn , s.t. 0 < dn (η) ≤ n 2 } P
−
→ 0,
2Nne


But we have that ∀(ηi )i≤r+1 s.t. ∀i, W (x(ηi ), ·) ≥ n−1+ 4 ,
1
1
Q
− r+1 Qr
2Nen ri=2 dn (ηi )
2n E i=2 W (x(ηi ), ·)
r
(a) X
1
1
1
≤
−
Qr−i
Qr
n ni−1
d
(η
)
nW
(x(η
n
r−i+1
r−i+1 ), ·)
2N
d
(η
)
W
(x(η
),
·)
n
l
l
e
l=2
l=r−i+2
i=2
+
≤

nr−1
r
X

Qr

l=2

1
1
1
− 2
W (x(ηl ), ·) 2Nen
2n E

2Nen ni−1
i=2

Qr−i+1
l=2

dn (ηr−i+1 )
1
Nn
1
1−
+ r−1 n Qr
1 − 2e ,
Qr
nW (x(ηr−i+1 ), ·)
2n
Ne l=2 W (x(ηl ), ·)
n E
dn (ηl ) l=r−i+2 W (x(ηl ), ·)

where (a) comes from a simple telescopic sum re-writing.
Therefore if
max 1 −
i

dn (νi )
Nn
, 1 − 2e ≤ β
nW (yi , ·)
n E

then
2Nen
≤β

1
Qr

i=2 dn (ηi )
r
X

−

2Nen ni−1
i=2

1
2nr+1 E

Qr−i+1
l=2

Qr

i=1

W (x(ηi ), ·)


1
1
+ r−1 n Qr
Qr
2n
Ne l=2 W (x(ηl ), ·)
dn (ηl ) l=r−i+2 W (x(ηl ), ·)

Now note that for all i, and λ0 ∈ Ω


Qr

−1+ 4

)
i=2 I(W (x(ηi ), ·) ≥ n
E L(GH , GH (θ̄)|ηr+2:Mn , Πn
Q
Q
r
r−i+1
n
i−1
2Ne n
dn (ηl ) l=r−i+2 W (x(ηl ), ·)
l=2
η1:r+1 ∈Pr (Πn )
Qr

−1+ 4
X
(a)

)
i=2 I(W (x(ηi ), ·) ≥ n
≤
dn (ηr )
E L(GH , GH (θ̄)|ηr+2:Mn , Πn
Q
Q
r
r−i+1
n
i−1
2Ne n
dn (ηl ) l=r−i+2 W (x(ηl ), ·)
l=2
η1:r ∈Pr−1 (Πn )
Qr

−1+ 4
X
)
dn (y)
i=2 I(W (x(ηi ), ·) ≥ n
≤ kLk∞
max
Q
Q
r−1
r−i+1
n ni−1
−1+  nW (y, ·)
2N
d
(η
)
W
(x(ηl ), ·)
4
n
l
y∈Nvn (Π) s.t. W (y,·)≥n
e
l=2
l=r−i+2
η
∈P
(Π )

X

1:r

r−1
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n

where (a) is a simple consequence form the fact that:
card{η ∈ η(Πn , r) s.t. η|1:r = (νi , yi )1:r } = dn (νr )card{η ∈ η(Πn , r−1) s.t. η|1:r−1 = (νi , yi )1:r−1 }.
Therefore, by induction, we can get that for all i
r
Y

X



I(W (x(ηi ), ·) ≥ n−1+ 4 )

η1:r+1 ∈Pr (Πn ) i=2

≤ rkLk∞

max
y∈Nvn (y) s.t.

−1+ 
4
W (y,·)≥n

|


E L(GH , GH (θ̄)|ηr+2:M , Πn
Q
Q
Nen ni−1 r−i+1
dn (ηl ) rl=r−i+2 W (x(ηl ), ·)
l=2

dn (y)
− 1| + kLk∞ .
nW (y, ·)

Therefore if we note
An (β) , {

max



y∈Nvn (y) s.t. W (y,·)≥n−1+ 4

|

dn (y)
Nn
− 1| ≤ β, | 2e − 1| ≤ β}
nW (y, ·)
n E

Then we can see the following:
•

On An (β) we will have that as η1:r+1 ⊥
⊥ ηr+2:M using the result that we previously got we
have that:


sup EPn∗ L(GH , GH (θ̄))|Π̄n (θ̄) − EP̃ ∗ L(GH , GH (θ̄))|Π̄n (θ̄) ≤ (r + 1)2 kLk∞ β
n

θ̄∈ΩΠ
θ

•

And in addition we know that there is K1 , K2 < ∞ s.t
P (An (β)c ) ≤ P (|
(a)

≤

Nn
P (| 2e
n E

Nen
− 1| ≥ β) + E
n2 E
Z

X

I(|

η1:r+1 ∈Pr (Πn )


− 1| ≥ β) + n
R+


dn (y)
− 1| ≥ β)
nW (y, ·)

I(W (x, ·) ≥ n−1+ 4 )P |


fn (x, Π)
− 1| ≥ β dx
nW (x, ·)

Z

K2
K1
+ p 2
I(W (x, ·) ≥ n−1+ 4 )dx
≤
nβ
β n R+
3
K1
K2
≤
+ p 2 n1− 2+2 → 0,
nβ
β n

(b)

where (a) comes from Slivnyak–Mecke theorem and (b) from our previous lemma
Lemma D.5
Thus, we have successfully proven that


sup EPn∗ L(GH , GH (θ̄)|Π̄n (θ̄) − EP̃n∗ L(GH , GH (θ̄)|Π̄n (θ̄) = op (1)

θ̄∈ΩΠ
θ

QED
Now we are going to prove the last part, i.e.


sup EP̃ ∗ L(GH , GH (θ̄)|Π̄n (θ̄) − EP̃n L(GH , GH (θ̄)|Π̄n (θ̄) = op (1)
n

θ̄∈ΩΠ
θ

For this we can note that that for all i ≥ 2



I(W (x(ηi ), ·) < n−1+ 4 )
Q
E L(GH , GH (θ̄)|Π̄n (θ̄), ηr+2,M kL1
nr+1 λ0 ∈ΩΠ
2nr+1 E ri=2 W (x(ηi ), ·)
θ η1:r+1 ∈Pr (Πn )
Qr
Z
(a)

j=1 W (xj , xj+1 )
−1+ 4
) Qr
dx1:r+1
≤ kLk∞
I(W (x(ηi ), ·) < n
Rr+1
j=2 W (xj , ·)
Qi−1
Z
(b)

j=1 W (xj , xj+1 )
≤ kLk∞
I(W (x(ηi ), ·) < n−1+ 4 ) Qi−1
dx1:i
Ri
j=2 W (xj , ·)
Z
(c)

n→∞
≤ kLk∞
W (x(ηi ), ·)I(W (x(ηi ), ·) < n−1+ 4 )dxi −−−−→ 0,

k

1

sup

X

R
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where to get (a) we used both the fact that L was bounded and the independence of the uniforms; to get (b) we
integrated coordinates r + 1 to i + 1 and used the following definition:
Z
∀x
W (x0 , x)dx0 = W (x, ·).
We similarly got (c) where instead we integrated the coordinates from 1 to i − 1.
Therefore we have successfully proven that


sup EP̃n∗ L(GH , GH (θ̄)|Π̄n (θ̄) − EP̃n L(GH , GH (θ̄)|Π̄n (θ̄) = op (1)

θ̄∈ΩΠ
θ

Hence we have proven the desired results

We now turn to the question of which augmentation distributions will satisfy the conditions of the
previous result. We show that the conditions hold for any distribution defined by a differentiable
function of the unigram distribution; in particular, this covers the unigram distribution to the power
of 3/4 that is used to define unigram negative sampling.
Lemma D.7. Let η1:r+1 be sampled by a random walk on Gn , and let the random-walk unigram
distribution be defined by
UgΓn (η) = P(∃i ≤ r + 1, s.t. η˜i = η | Π̄n (λ̄)).
Suppose that µn is defined by

µn (η) ∝ UgΓn (η)α ,

for a certain α > 0.Then, defining µ by
µ(η) ∝ (r + 1)α−1
it holds that
kµn −

W (x, ·)α−1
,
E α−1

µ(·)I(· ∈ Πn )
p
kT V −→ 0
nZn

Proof. We will for simplicity prove the result for α = 1, the other cases can be obtained following a
similarly, although the computations are more involved.

X

P (∃i ≤ r + 1, s.t. η˜i = η|Π̄n (λ̄)) −
r+1
X X

≤

P (η˜i = η|Π̄n (λ̄))

i=1

η∈Πn
(a)

r+1
X

P,(b)

P (η˜i = η|Π̄n (λ̄))P (∃j ∈ [i + 1, r + 1], ηj = η|ηi = η, Π̄n (λ̄)) −−−→ 0,

η∈Πn i=1

where (b) comes from the dominated convergence theorem and (a) comes from the fact that for all η


E I ∃i ≤ r + 1, s.t. η˜i = η −

r+1
X


I(η˜i = η)|Π̄n (λ̄)

i=1

≤

r+1
X

E I(η̃i = η, ∃j ≥ i s.t. η̃j = η)|Γn



i=1

Moreover,
r+1
X X
η∈Πn

P (η˜i = η|Π̄n (λ̄)) −

i=1

(r + 1)W (x(η), ·)
2nE

X (r + 1)dn (η) (r + 1)W (x(η), ·)
≤
−
2Nen
2nE

(a)

η∈Πn
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where (a) comes from the stationarity proprieties of the simple random walk.
Therefore, using what we have previously done, we see that:
r+1
X X
η∈Πn

P (η˜i = η|Π̄n (λ̄)) −

i=1

(r + 1)W (x(η), ·)
= op (1).
2nE

Finally,
X (r + 1)W (x(η), ·)
[1 − P
2nE

η∈Πn

1

η∈Πn

(r+1)W (x(η),·)
2nE

]

X (r + 1)W (x(η), ·)
−1
2nE

=

η∈Πn

=

X (r + 1)W (x(η), ·)
− P (∃i ≤ r + 1, s.t. η˜i = η|Γn ) = op (1).
2nE

η∈Πn

D.3

Convergence for random walk sampling

Π
Let θ̄ be a random element of ΩΠ
θ such that θ̄|Π ∼ Qθ for a certain kernel m. For simplicity of
exposition we will write

∀n R(Gn , θ̄) , EPn L(GH , GH (θ̄))|Π̄n (θ̄) .

Lemma D.8. There are constants Rθ̄ , Rθ̄∗ ∈ R+ such that
P

R(Gn , θ̄) −
→ Rm
Moreover
P

min R(Gn , θ̄) −
→ R∗ .

θ̄∈ΩΠ
w

And those constants are respectively limn E(R(Gn , θ̄)) and limn E(minθ̄∈ΩΠw R(Gn , θ̄))
Proof. Lemma D.6 states that
•



EPn L(GH , GH (θ̄))|Π̄n (θ̄) − EP̃n L(GH , GH (θ̄))|Π̄n (θ̄) = op (1).

•



minθ̄∈ΩΠ EPn L(GH , GH (λ))|Π̄n (θ̄) − minθ̄∈ΩΠ EP̃n L(GH , GH (λ))|Π̄n (θ̄) = op (1).
θ

θ

To see why this is interesting first note ∀I = (I1 , . . . , IM ) ∈ NM the following quantity
Q
X I(η1:r+1 ∈ Pr (Πn )) M
l=r+2 µ(x(ηl ))
Qr
XI (θ̄) ,
L(GH , GH (θ̄)),
2E i=2 W (x(ηi ), ·)
η1:M ∈Π|I

where Π|I , (ΠI1 +1 \ ΠI1 , . . . , ΠIM +1 \ ΠIM ).
This allows us to write that

1
EP̃n L(GH , GH (θ̄))|Π̄n (θ̄) = M
n
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X
i1:M ≤n−1

Xiθ̄1:M ,

But (XI (θ̄))I∈NM is an M -dimensional exchangeable array. Therefore using classical results we see
that:
QM
Z
 P
i=r+2 µ(xi )
dx1:M ,
EPn L(GH , GH (θ̄))|Π̄n (θ̄) −
→
R(x1:M ) Q
r
M
2E
R+
i=2 W (xi , ·)
where

r


Y
R(x1:M ) = E L(Gx1:M , Gx1:M (θx1:M ))
I(Ui ≤ W (xi , xi+1 )) ,
i=1

and where Gx1:M is the subgraph with vertices having intensities respectively x1 , . . . , xm ,and
iid

∀i, θxi ∼ m(xi , ·).
Now let write for all n, Fn the sigma-field of events invariantP
under joint permutations of the indexes
in [1, n]M . Then we can see that (minθ̄∈ΩΠn QM −11(n−i) I∈[|1,n−1|]M XI (θ̄), Fn ) is a reverse
θ
i=0
supermatingale. Indeed
•

minθ̄∈ΩΠn
θ

QM −11
i=0 (n−i)

P

I∈[|1,n−1|]M XI (θ̄)
M

is Fn measurable as it is invariant under joint

permutations of the indexes in [1, n] .
•

For all m ≥ n let θ̂m ∈ ΩΠ
θ such that:
X
XI (θ̂m ) = min

X

m
θ̄∈ΩΠ
θ

I∈[|1,m−1|]M

XI (θ̄)

I∈[|1,m−1|]M

Then we get

E min

n
θ̄∈ΩΠ
θ

1
nM

X

(a)

 1
≤ E M
n

(b)

≤ min

m
θ̄∈ΩΠ
θ

XI (θ̄)|Fm )

I∈[|1,n−1|]M

X

XI (θ̂m )|Fm )

I∈[|1,n−1|]M

1
mM

X

XI (θ̄),

I∈[|1,m−1|]M

where (a) comes from Jensen and (b) comes from a standard argument in exchangeable
arrays.
Therefore we have that:
min

θ̄∈ΩΠ
θ

E

1
nM

X

XI (θ̄) − E( min

θ̄∈ΩΠ
θ

I∈[|1,n−1|]M

1
nM

X

P

XI (θ̄)) −
→ 0.

I∈[|1,n−1|]M

Convergence of global parameters

Suppose that Ωγ is a compact convex set. Let  > 0 we say that the loss function L is -strictly
convex in γ if for all γ, γ 0 ∈ Ωγ , ∀η ∈ [0, 1] and for all θ̄γ , θ̄γ 0 , θ̄ηγ 0 +(1−η)γ s.t
(i) λ(θ̄γ ) = λ(θ̄γ 0 ) = λ(θ̄ηγ 0 +(1−η)γ ),
and
(ii) γ(θ̄γ ) = γ, γ(θ̄γ 0 ) = γ 0 , γ(θ̄(1−η)γ+ηγ 0 ) = (1 − η)γ + ηγ 0 ,
we have
a.s

L(GH , GH (θ̄ηγ 0 +(1−η)γ )) < ηL(GH , GH (θ̄γ 0 )) + (1 − η)L(GH , GH (θ̄γ )) − .
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We will moreover say that L is uniformly-continuous if
lim

γ 0 →γ

sup L(GH , GH (θ̄γ 0 )) − L(GH , GH (θ̄γ ))
λ̄∈ΩΠ
λ

= 0.
L1

For ease of presentations we will write the risk slightly differently i.e: ∀θ̄ ∈ ΩΠ
θ s.t γ(θ̄) = γ and
λ(θ̄) = λ we will write the risk ∀s ∈ R, Rr (γ, λ, Gs ), indifferent of which sampler we are using.
Lemma E.1. Suppose that there is  > 0 such that L is -strictly convex and uniformly-continuous
in γ, suppose that Ωγ is a compact convex set. Let (γ̂n )n ∈ ΩN
γ be a sequence of elements in Ωγ such
that
∀n, min Rr (Gn , γ̂n , λ) = min min Rr (Gn , γ, λ).
γ∈Ωγ λ∈ΩΠ
λ

λ∈ΩΠ
λ

∗

Then there is γ s.t
P

γˆn −
→ γ∗,
∗
where γ = argminγ limn E(minλ∈ΩΠλ Rr (Gn , γ, λ))
Remark E.2. This result is valid for both random-walk and p-sampling.
Proof. Let write Rr (γ, Gs ) , minλ∈ΩΠθ Rr (γ, λ, Gs ).
Lemma D.8 and Theorem C.1 respectively for the random-walk sampler and p-sampling gives us the
following result for all γ,
P
Rr (γ, Gs ) − E(Rr (γ, Gs ))) −
→ 0.
Let note (γ̂n )n ∈ ΩN
γ be a sequence such that
∀s, Rr (γ̂n , Gs ) = min Rr (γ, Gs ).
γ∈Ωγ

Then as (γ̂n )n is a sequence in the compact set Ωγ there is an function φ : N → N and γ̃ such that
d

γ̂φ(n) −
→ γ̃. But as Ωγ is compact by an easy consequence of the covering lemma we get that:
P

sup Rr (γ, Gs ) − f (γ) −
→ 0,
γ∈Ωγ

where f : γ → limn E(Rr (γ, Gs )). Therefore we have that
P

|Rr (γ̂φ(n) , Gφ(n) ) − f (γ̂φ(n) )| −
→ 0.
But using the expressions derived in the proof of respectively Lemma D.8 and Theorem C.1 and the
hypothesis on L we have that f is continuous and is strictly convex, hence has a unique minimizer.
Therefore γ̃ must be determistic equal to γ ∗ , argminγ f (γ). Indeed suppose by contradiction that
it is not the case then there is η > 0 s.t
P (Rr (γ̂φ(s) , Gφ(s) ) − Rr (γ ∗ , Gφ(s) ) > η) > η,
which is a contradiction of the definition of (γ̂n )n . Therefore we have successfully proven that
γ̃ = γ ∗ .
P

And we have proved that γ̂n −
→ γ∗.
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